The photogeneration current of solar cells can be enhanced by light management with surface structures. For solar cells with thin absorbing layers, such as optically thin solar cells, it is especially crucial to take advantage of this fact. The general idea is to maximize the path length of light rays in the absorber. For instance, assuming normal incidence, before entering the energy-converting material, the light rays need to be directed away from the incident direction in order to maximize their path length, and therefore the absorption, in the energy-converting material of a optically thin solar cell. In the field of chaotic scattering it is well known that trajectories that approach the invariant set of a chaotic scatterer may spend a very long time inside of the scatterer before they leave. The invariant set, also called the chaotic repeller in this case, contains all rays of infinite length that never enter or leave the region of the scatterer. If chaotic repellers exist in a system, a chaotic dynamics is present in the scatterer. Chaotic scattering dynamics is interesting in the context of surface-structured solar cells, since the topology of the shape can imply the existence of the invariant set of infinitely long-lived trajectories. On this basis, we investigate an elliptical dome structure placed on top of an optically thin absorbing film, a system inspired by the chaotic Bunimovich stadium. A classical ray-tracing program has been developed to classify the scattering dynamics and to evaluate the absorption efficiency, modeled with Beer-Lambert's law.
INTRODUCTION
Photovoltaics (PV) is an increasingly important source of renewable energy, and solar power plants are today installed in enormous numbers. In order to increase the competitiveness of solar electricity further, it is desirable to reduce the cost of solar cells and modules further. Thin solar cells are less prone to bulk recombination and can exhibit larger voltages and, hence, efficiencies, than their thicker counterparts. They also require less use of absorber materials, which can reduce cost and environmental footprint further. This, however, requires good surface recombination, as well as an efficient light trapping scheme to avoid excessive transmission losses. Siliconbased solar cells are by far the most widespread solar cell technology today. However, Si exhibits an indirect electronic band gap, which results in weak absorption. This makes the development of surface structures, resulting in efficient light trapping for thin Si solar cells, even more important.
A number of different approaches to enhance absorption efficiency, ranging from plasmonics 1 to surfacestructured light-trapping designs with either ordered structures or random surfaces [2] [3] [4] [5] [6] are well documented. In terms of low-cost production, these approaches struggle to compete with the performance and cost of alkaline or acidic texturing today. In addition, modeling surface-structured systems is a time consuming task since it requires large E&M calculations.
We found that chaotic scattering is a mechanism for absorption enhancement and may therefore be used as a design guide. Chaotic scattering is associated with the existence of infinitely long-lived trajectories. Lighttrapping due to chaotic scattering may therefore prove to be an important property to look for when designing surface structures for solar cells. Chaos is a mature field of research with a rich set of tools to study dynamics both classically, using rays and quantum mechanically, using waves. If the underlying dynamics of a system is chaotic on the classical level, it leaves its mark on the quantum level as well.
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The classical approach we present here is a first step toward a more thorough analysis of the problem where one would use resource demanding wave calculations to model the problem.
The history of chaos theory starts with Henri Poincaré, who studied the three-body problem in the 1890s.
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In the 1960s Edward Lorenz modeled the atmosphere for weather prediction using three coupled non-linear ordinary differential equations.
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The famous butterfly effect originates from this work. Both Poincaré and Lorenz found systems which exhibit extreme sensitivity to the initial conditions. The study of dynamical billiards started in 1898 when Jacques Hadamard showed that all trajectories in a Hadamard billiard diverge exponentially, thus proving for the first time the existence of what nowadays is called deterministic chaos in a dynamical system.
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Later, in the 1970s and 1980s, Leonid Bunimovich also studied dynamical billiards and proved that the dynamics of the Bunimovich stadium, a special dynamical billiard (Fig. 1a) , [13] [14] [15] is chaotic. The class of dynamical billiards that is important for this work are those where we consider a frictionless particle (a model photon) moving on a flat surface with some surfaces that reflect, transmit, and refract the particle, akin to the dynamics in a dielectric-loaded Bunimovich stadium.
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The paper presents a brief account of classical chaos, highlighting aspects of chaos of relevance for the understanding of this paper. We then introduce our classical ray-tracing model for studying dynamical scattering systems. We demonstrate and discuss the relevance of chaos in the context of absorption enhancement due to surface structuring of solar cells.
CLASSICAL CHAOS
As mentioned above, chaotic dynamical systems are extremely sensitive to initial conditions. In practice this means that although chaotic systems are governed by purely deterministic laws, they do not have closed-form solutions. Lorenz put it this way "Chaos: When the present determines the future, but the approximate present does not approximately determine the future". We limit our discussion to classical dynamics of chaotic rays. In classical chaos, the sensitivity to initial conditions can be shown by computing the Lyapunov exponent. Consider two rays started from almost the same initial conditions in phase space. If the rays are started from a chaotic region in phase space, they will, after some point in time, evolve on dramatically different trajectories. Before this happens, the two rays will diverge exponentially fast away from each other. The Lyapunov exponent is a measure of the rate of this divergence. It is given as
where λ is the Lyapunov exponent, s(0) is the initial separation distance in phase space and s(t) is the separation at a time t. A positive Lyapunov exponent means that the divergence is exponentially fast, thus a positive Lyapunov exponent is a signature of classical chaos. The separation at t = 0 can be measured in a Poincaré surface of section which is a section of the total phase space. A Poincaré surface of section (PSOS) is used as a way to visualize a trajectory through an intersection surface in physical space.
In dynamical billiards and scattering systems, rays can follow periodic trajectories also called periodic orbits. However, in scattering systems, periodic orbits can never escape the system, otherwise they wouldn't be periodic. These rays make up a part of the invariant set of infinitely long lived trajectories; the other part is made up of non-escaping non-periodic trajectories.
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The geometry of the invariant set can be visualized in phase space (see, e.g., Fig. 5 ). If the invariant set has a fractal geometric structure in phase space, it is a sign of a sensitivity with respect to initial conditions, thus a sign of chaos. Fractal invariant sets in scattering systems are also called chaotic repellers. It is known that when a trajectory is started near a chaotic repeller, it takes a very long time to move away from the chaotic repeller when the phase space is a mix of chaotic and regular regions.
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The notion of fractals and fractal dimensions was first discussed by Benoît Mandelbrot in 1967, although the actual terms were introduced later, in 1975.
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The fractal dimension of the invariant set can be found using a standard method called box counting.
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The procedure is to cover the phase space with boxes and count how many boxes contain parts of the invariant set at different scales. We define the fractal dimension d as
where N is the number of boxes that contain a part of the invariant set at a scale M .
A MODEL FOR STUDYING CHAOS
A solar cell is a scattering system. Electromagnetic radiation is entering the system and may be completely or partially absorbed. We may describe the electromagnetic radiation and its interaction with a solar cell by a ray model in the following way. Light rays enter the solar cell through the front surface of the solar cell. Light that is not absorbed can be reflected from the metallic back contacts and eventually leave the solar cell. The absorption of electromagnetic radiation by the solar cell can be taken into account by associating the rays with amplitudes that are decreasing according to the attenuation. In this paper, we simulate a solar cell by enclosing it in a "bucket" of perfect mirrors, see Fig 1b. With this constraint the rays can only leave through the front side. Although real mirrors have some degree of absorption and transmission, we neglect these effects in our simulations and, for the sake of simplicity, treat all mirrors in our simulations as perfect mirrors. This is justified since, in practice, back-surface mirrors are metallic films, usually made of silver, and the parasitic absorption by it is usually small.
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In our open bucket we study chaotic and regular ray dynamics with the help of classical ray tracing, and use our simulations to compare systems exhibiting chaotic phase-space structures with systems exhibiting more regular phase-space structures. The open system is comprised of three mirrors arranged in a bucket-like shape. The energy converting material in a solar cell can be modeled by a complex refractive index.
Classical ray tracing
In principle, if properly equipped with phases, Maxwell's equations may be solved exactly using classical rays. We illustrated this wave-ray equivalence recently by solving the wave equation of a one-dimensional, dissipative, layered solar cell exactly with the help of classical rays that were properly equipped with phases. 23 An equivalent ray-tracing theory for two-dimensional dissipative systems has not yet been described. However, in the geometricoptic limit, where the wavelength is small compared to the scattering structures, it is common practice in the literature to consider optical rays. Following this practice, we will therefore use a classical ray-tracing approach, neglecting proper inclusion of phases. Since we know that inclusion of phases is essential to obtain a one-to-one correspondence with Maxwell's equations, we accept that our results are approximations. However, quantities computed as averages over ensembles of rays may still be quite accurate, since statistical averaging tends to cancel out phases.
A numerical ray-tracing code was written to study classical chaos where Snells' law is the physical principle used to determine the evolution of a ray
Here, n 1 and n 2 are the real parts of the index of refraction of either side of an interface and θ 1 and θ 2 are the incident and refracted angles, respectively. Each ray is given an initial "intensity", I 0 = 1. There are three mechanisms that affect the intensity: reflection and transmission through a boundary between two materials, and absorption along the path of the ray, which we will model with Beer-Lambert's law. To calculate the intensity I, when a ray crosses an interface between different materials, we need reflection and transmission coefficients. The transverse electric Fresnel equations correspond to the case where the polarization of the electric field is perpendicular to the plane of incidence. We chose these when we modeled the exact one-dimensional case.
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The reflection and transmission amplitudes of the transverse electric (TE) case are given by
where n = n 2 /n 1 . These equations govern how much of the intensity is reflected and how much is transmitted.
The corresponding reflection and transmission coefficients are
We consider materials with a small absorption coefficient n i and therefore neglect the effects of inhomogeneous plane waves in absorptive media.
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Whenever Snells' law is referred to, it is the familiar law stated in Eq. (3).
Whenever a ray crosses an interface between two materials, it splits into a reflected ray and a transmitted ray. The practical implication of this is that calculations must be truncated because of run time. As long as we have splitting rays, there will be branches of the original ray that are inside the scatterer forever. We implemented a truncation condition that stops the simulation of a particular branch when I b < 10
, where I b is the intensity in that branch.
Whenever a ray splits the intensity in the resulting two branches is determined according to the Fresnel coefficients stated in equations Eq. (4) to (5) . The subsequent absorption in the material is governed by BeerLambert's law explained in the next section.
Beer-Lambert's law of absorption
We use Beer-Lambert's law of absorption to provide an approximate measure of the absorption efficiency of our model. The extinction coefficient in Beer-Lambert's law determines how fast the intensity of incoming radiation is decaying. Consider a plane wave e ikx , incident on a slab of absorbing material (see Fig. 2 ). Inside the material the index of refraction, n = n r + in i , is complex, and the wave is
where k = 2π/λ denotes the wave vector and x the depth inside the material. To obtain the intensity of the wave, we must take the absolute square value e −nikx e inrkx 2 = e −4πnix/λ .
We now see that the intensity is decaying exponentially as a function of depth (or path length) inside the absorbing material and the imaginary part of the refractive index in the material. In order to use our classical ray tracing approach, a transition from waves to rays is needed. We have chosen to assign each incoming ray an initial intensity of 1, which is reduced as a function of path length only, since n i is kept constant in the absorbing material. 
TRANSITION FROM REGULAR TO CHAOTIC DYNAMICS
Our model system is a structure comprised of a flat film with a dome placed on top (see Fig. 3a ).The structure is constructed by adding half an ellipse to a rectangular middle section. The shape is similar to one half of a Bunimovich stadium, which in contrast has semi-circles attached to a rectangular middle section. We name our model system film+dome. Optimization with respect to the eccentricity of the dome shows that a 692 nm tall dome on top of a 400 nm thick film gives good Beer-Lambert efficiency. The details of the size optimization study will be published elsewhere. For now we will concentrate on keeping the refractive index in the film at a constant n f = 2 + 0.0054i. The size of the imaginary part is the same as Si at 800 nm, 26 truncated to four decimals, which is the wavelength we chose to use for all calculations using Eq. (9). It is known that circular, rectangular, and triangular billiards are regular systems with no chaotic dynamics. However, introducing a stepped potential inside the billiard produces chaos.
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This is analogous to placing a material with an index of refraction larger than 1 in our mirror bucket. The film+dome structure has a step from air (n = 1) to the dome with a variable n d . 5000 rays were sent in from the top as shown in Fig. 3a and averaged in order to calculate the Beer-Lambert efficiency. By gradually increasing n d we see in Fig. 3b that the Beer-Lambert efficiency is increasing monotonically before it exhibits several large jumps. Plotting the efficiency per initial ray reveals which of them are enhanced the most by increasing n d (see Fig. 4 ). There are several important features to be aware of. First of all, the rays incident on the dome close to the vertical symmetry axis of the bucket are scattered very little by the dome and essentially go straight in and straight out, allowing only a short time for absorption. Secondly, there are two "horns" on either side of the middle part which appear black due to the rapid fluctuations. These appear because of ray-splitting and because there is just enough scattering to let some branches take wildly different paths. This is an indication that the phase-space of rays coming from the outside is chaotic for ray-splitting rays. In the case where non-splitting rays are sent in, so-called Newtonian rays, there is no such phenomenon in this particular system. We see that the most efficient rays are initially coming from between x i = 0.1 and x i = 0.2, and by symmetry, from between x i = 0.8 and x i = 0.9, and that they look more chaotic when the index of refraction in the dome n d is increased. Another signature of chaos is the existence of chaotic repellers. We therefore look for chaotic repellers in the invariant set of infinitely long-lived trajectories. We choose the bottom mirror as the spatial dimension of our PSOS and send non-Newtonian rays from 9240 positions in the spatial interval x i ∈ (0, 1), and 9240 angles in the interval θ ∈ (−π, π). Fig. 5 shows a visualization of the rays according to their lifetime, increasing from deep blue to yellow for the three different indices of refraction indicated in Fig. 3b , called scattering fractals. We see that there is a striking correlation between the increase in Beer-Lambert efficiency and the decrease in fractal dimension. When n d is exactly 1, there is no dome at all, only the flat film, which has fully regular dynamics. As expected, the fractal dimension is integer, d = 2. This is because rays started from the inside at shallow angles will be trapped forever due to total internal reflection. There is a sharp transition from being trapped forever and escaping immediately in this case. When n d is increased, the geometry of the scattering fractal changes. No longer is there a sharp transition between the trapped and the escaping rays. Further increase in n d yields an even more complex border where the lifetime of the rays is very sensitive to their initial conditions, especially seen in Fig. 5c . Moreover, triangular-like regions of long-lived rays have appeared. It can be shown that the edge of these regions are fractal, and that outside rays which enter them will therefore stay a very long time in the system, thus greatly increasing the chance to be fully absorbed.
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If the ray dynamics of the solar cell is not chaotic, every ray that enters the system will eventually leave the system permanently, while its amplitude may have been attenuated to practically zero. If the ray dynamics of the solar cell is chaotic, there exist rays that enter the cell and never leave it again. In such a case the ray is eventually fully absorbed by the solar cell. This is a reason for why the Beer-Lambert efficiency is lower for n d = 1 (Fig. 5a) than for e.g. n d = 2 (Fig. 5c) . The size of the invariant set is large, but it is not chaotic.
We also solved the two-dimensional scalar wave equation for the bucket system, equivalent to the E&M equations with perpendicular polarization. The result is shown as the red curve in Fig. 6 . We can see that the classical result qualitatively agrees with our wave simulations, which lends additional credibility to the predictive power of our ray simulations and shows that the onset of classical chaos also implies the onset of conversion efficiency in a fully wave-mechanical simulation. More results on the comparison between classical ray simulations and fully E&M wave simulations, including a discussion on why the efficiency increase is not due to focusing effects, will be presented elsewhere. The onset of chaos can also quite visibly been seen by tracing the path of Newtonian rays. Fig. 7 shows the trajectories of 100 Newtonian rays incident on the film+dome system at the same selected values of n d as used before; 1.4, 1.6 and 2.0. The partially transparent lines reveal caustics and an apparent focusing effect. However, there is not any mechanism in classical ray-tracing that increases absorption efficiency due to focusing effects. Focal points may exist, but they will not affect Beer-Lambert's law since each ray is independent without any possibility to create interference. For values between n d = 1 and n d = 1.7, the dome refract the incoming rays more and more towards the center of the bottom mirror, x i = 0.5. n d = 1.7 is the break point where rays start to spread out and do total internal reflection on the dome-air interface. At this point and beyond n d = 1.7 the total path length increases for a larger and larger fraction of rays. From Fig. 6 we also see that the Beer-Lambert efficiency falls off for n d > 2.2. This is because any surface, including the dome structured surface, will become more reflective at higher indices of refraction. The figures show the trajectories of 100 Newtonian rays started from the top incident on an elliptical surface structure on top of a 400 nm flat film as seen in Fig. 3a. For (a) (b) and (c) the index of refraction in the dome part is 1.4, 1.6 and 2.0 respectively. All rays that travel back to the top exit the system forever, the three other sides are perfect mirrors.
CONCLUSION
We have evaluated the absorption enhancement of placing an elliptical dome structure on top of a flat absorbing film. A classical ray-tracing code was developed for modeling surface structured optically thin solar cells. BeerLambert's law was used to model the absorption of light in a dielectric material. We found that increasing the index of refraction inside the dome structure enhances the absorption efficiency in the film. Enhancing absorption efficiency by surface structuring is not new and well documented. However, in this paper we have demonstrated that the onset of chaotic scattering dynamics is clearly correlated with absorption enhancement. Therefore we suggest to use the the ray model approximation to establish a connection between chaotic scattering and absorption enhancement and exploit this connection for designing surface structures of optically thin solar cells.
